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Vacuum energy densities of a field in a cavity with a mobile boundary
Federico Armata∗ and Roberto Passante†
Dipartimento di Fisica e Chimica, Universita` degli Studi di Palermo and CNISM, Via Archirafi 36, I-90123 Palermo, Italy
We consider the zero-point field fluctuations, and the related field energy densities, inside a one-
dimensional and a three-dimensional cavity with a mobile wall. The mechanical degrees of freedom
of the mobile wall are described quantum mechanically and they are fully included in the overall
system dynamics. In this optomechanical system, the field and the wall can interact with each
other through the radiation pressure on the wall, given by the photons inside the cavity or even
by vacuum fluctuations. We consider two cases: the one-dimensional electromagnetic field and the
three-dimensional scalar field, and use the Green’s functions formalism, which allows extension of
the results obtained for the scalar field to the electromagnetic field. We show that the quantum
fluctuations of the position of the cavity’s mobile wall significantly affect the field energy density
inside the cavity, in particular at the very proximity of the mobile wall. The dependence of this
effect from the ultraviolet cutoff frequency, related to the plasma frequency of the cavity walls, is
discussed. We also compare our new results for the one-dimensional electromagnetic field and the
three-dimensional massless scalar field to results recently obtained for the one-dimensional massless
scalar field. We show that the presence of a mobile wall also changes the Casimir-Polder force on
a polarizable body placed inside the cavity, giving the possibility to detect experimentally the new
effects we have considered.
PACS numbers: 12.20.Ds, 03.70.+k, 42.50.Lc
I. INTRODUCTION
The existence of vacuum field fluctuations, and the re-
lated vacuum energy density of the field, is a striking
consequence of quantum electrodynamics and quantum
field theory in general [1]. Vacuum fluctuations have ob-
servable effects, for example the Casimir force, which is
usually an attractive force of quantum origin between
neutral macroscopic metallic or dielectric bodies placed
in the vacuum space [2, 3]. Casimir forces originate from
the change of the field energy associated with the vacuum
fluctuations, when one or more boundary conditions such
as dielectric or conducting objects, are changed.
A more thoroughly description of quantum vacuum ef-
fects can be obtained by considering local field quanti-
ties such as the field energy density. Obtaining the en-
ergy densities of the field in the vacuum state is rele-
vant also in view of the fact that they are strictly re-
lated to atom-surface Casimir-Polder dispersion interac-
tions [4, 5]. Moreover, it has been shown that the vacuum
electric and magnetic energy density, as well as vacuum
field fluctuations, can become singular in the proximity
of sharp metallic boundaries [6–8]. The presence of such
surface divergences of the energy density could be rele-
vant also in view of the fact that they should yield sig-
nificant gravitational effects because the energy density
acts as a source term for gravity [9, 10].
New effects arise when one or more boundaries are al-
lowed to move. A known effect is the dynamical Casimir
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effect, that is the emission of real quanta from the vac-
uum when a boundary is forced to move with nonuniform
acceleration [11–13]. For a very small mass of a mobile
wall, quantum effects relative to its mechanical degrees of
freedom such as position fluctuations, may be relevant. It
is thus worth to consider the effect of a mobile boundary,
whose mechanical degrees of freedom are treated quan-
tum mechanically, on a quantum field; in this case an
effective coupling between the wall and the field arises
due to the radiation pressure, as well as an effective cou-
pling between the field modes [14]. These effects are also
related to the growing field of quantum optomechanics,
which studies the coupling of optical cavity modes with
mechanical degrees of freedom [15–17]; this subject is also
relevant for building more sensitive force detectors, to be
used for example for the detection of gravitational waves
[18]. The effect of vacuum fields on the position fluctua-
tions of a single mirror in the vacuum space, and the role
of vacuum friction, has been recently considered [19].
We consider in this paper how a moving conducting
boundary such as a cavity wall, being treated quantum
mechanically, can affect the field fluctuations and the re-
lated field energy density inside the cavity. This effect
can be in principle observed because the field energy den-
sity can be probed through the Casimir-Polder interac-
tion with a polarizable body placed inside the cavity. In
a previous paper [20], we have investigated this aspect
in the simple case of a massless scalar field in a one-
dimensional cavity with one fixed and one mobile wall,
and we have found a change of the field fluctuations in
the cavity, particularly relevant in the proximity of the
mobile wall, and of the Casimir force between the cavity
walls. Also, this new effect, in the case considered in [20],
has a size such that it should allow its experimental ob-
servation for a sufficiently small mass of the mobile wall,
2and masses down to 10−21 Kg can be nowadays reached
in modern optomechanics experiments [17].
In this paper we extend the results previously obtained
for the one-dimensional massless scalar field to the more
realistic cases of a one-dimensional electromagnetic field
and the three-dimensional massless scalar field. We give
a local description of vacuum field fluctuations in terms
of the zero-point field energy density and local field fluc-
tuations, inside a cavity with a mobile wall, both for
the one-dimensional electromagnetic field and the three-
dimensional scalar field. In both cases the motion of
the mobile wall, which is assumed bound to an equi-
librium position by a harmonic potential, is described
quantum-mechanically and the effects of radiation pres-
sure and of the wall’s quantum position fluctuations are
included in the formalism. Our description is based
on an appropriate generalization, that we introduce in
this paper, of the effective Hamiltonian obtained in [14]
for the one-dimensional massless scalar case. For the
one-dimensional electromagnetic case, using a formalism
based on the Green’s functions, we obtain the change
of the renormalized electric and magnetic energy den-
sities inside the one-dimensional cavity due to the mo-
tion of the cavity wall; we show that, similarly to the
one-dimensional scalar results, it is particularly relevant
close to the equilibrium position of the mobile wall. We
also discuss their dependence on the ultraviolet cutoff
frequency, that is related to the plasma frequency of the
mobile wall, and show that, when the cutoff frequency is
increased, the energy-density change becomes more and
more concentrated near the mobile wall. In the three-
dimensional scalar case, we first obtain the renormalized
Green’s function of the scalar field on the interacting
ground state, and we then use it to obtain the renormal-
ized field energy density change in the cavity. We show
that, contrarily to both scalar and electromagnetic one-
dimensional cases, the peak of the energy density change
is not located at the equilibrium position of the mobile
wall. This peak, however, moves towards the mobile wall
when the cutoff frequency is increased. We also discuss
the dependence of the change of the field energy den-
sity on the mass and oscillation frequency of the mobile
wall, and how the new effects we have obtained can be
observed through the Casimir-Polder force on a polariz-
able body placed inside the cavity in the proximity of the
mobile wall.
Although our system has some analogy with the dy-
namical Casimir effect, we wish to stress that it is quite
different, because in the present case the mobile wall is
not moving according to a prescribed law as in the dy-
namical Casimir effect, but it is described quantum me-
chanically according to the quantum dynamics induced
by the Hamiltonian of the interacting wall-field system.
Finally, we point out that the results we obtain for the
three-dimensional scalar field can be also useful for an
extension to the three-dimensional electromagnetic field
case.
This paper is organized as follows. In Sec. II we intro-
duce part of the local formalism that will be used in the
subsequent sections of the paper. In Sec. III we consider
the problem of the interaction between a one-dimensional
electromagnetic field and a movable wall, using the local
formalism and exploiting the results obtained in Refs.
[14, 20] for the simpler case of a massless scalar field in
a one-dimensional cavity. We obtain the change of the
renormalized zero-point energy densities of the electric
and magnetic field components on the interacting ground
state of the system. In Sec. IV we consider the case of
a massless scalar field in a three-dimensional cavity with
one mobile wall. We first generalize the Law’s effective
Hamiltonian to the three-dimensional case, and then ob-
tain the correction to the field energy density consequent
to the wall’s motion due to quantum position fluctua-
tions and radiation pressure. We discuss the main physi-
cal features of the change of the field energy density and
compare our new results with previous ones obtained for
the one-dimensional scalar case and discuss observability
of the new effects found. Section V is devoted to our
conclusive remarks.
II. THE LOCAL FORMALISM
In this section we introduce the local field formalism
we will use in the following and the relative notations. A
field theoretical approach to the study of the properties
of the vacuum starts from the analysis of the behavior
of local field quantities. For our purposes, the energy-
momentum tensor T µν represents the appropriate quan-
tity, because T 00 is the energy density of the field, the
components T 0ν are related to the energy and momen-
tum flow, and the stress components T ik are related to
general mechanical properties of the vacuum.
In the presence of boundaries, a local formulation re-
quires the introduction of the (renormalized) energy-
momentum tensor of the vacuum Θµνvac, in the form [21–
23]
Θµνvac = 〈0|T µν|0〉∂Γ − 〈0|T µν |0〉0 . (1)
In this equation, the measurable vacuum energy-
momentum tensor is defined as the difference between
that in the confined field configuration 〈0|T µν |0〉∂Γ
and that corresponding to the unbounded configuration
〈0|T µν|0〉0. An advantage of a local description is that it
permits a different and thoughtful point of view yielding
a deeper understanding of the nature of vacuum energy
and vacuum stresses. It is known that Θµνvac can be ex-
pressed in terms of the field propagators. The presence
of quantum field fluctuations in a specific configuration,
and the consequent observable quantum vacuum effects,
can be understood from the modifications of the emis-
sion/reabsorption of virtual field quanta under external
constraints. When boundaries are introduced, the propa-
gation is modified due to surface interactions, and conse-
quently this perturbs the homogeneity of the correspond-
ing propagator. For example, the propagator of the scalar
3field G(x, x′) must satisfy the appropriate boundary con-
ditions, for instance Dirichlet or von Neumann boundary
conditions in the case of perfect reflectors. The energy-
momentum tensor of the electromagnetic vacuum for the
confined field configuration, can be written as [22, 23]
Θµνvac(x) = −i
{
τµνx,x′ (G(x, x
′)−G0(x− x′))
} ∣∣∣
x′=x
= −i
{
τµνx,x′GR(x, x
′)
} ∣∣∣
x′=x
,
(2)
where G is the scalar propagator in the presence of the
boundaries, G0 is the scalar propagator in the unbounded
space, and GR = G−G0 is the renormalized propagator.
We have also introduced the differential operator
τµνx,x′ = 2
(
∂µ∂′ν +
1
4
gµν∂α∂′α
)
, (3)
with gµν = diag(-1,+1,+1,+1). The vacuum subtrac-
tion in Eq. (1) is now obtained from the difference be-
tween the confined and the free propagators, respectively,
G(x, x′) and G0(x−x′), which is the renormalized Green
function of the system GR(x, x
′). For explicit evalua-
tions, all one has to do is construct GR(x, x
′) for the
considered configuration (see Refs. [21–26], for example)
that, except for special cases with a simple geometry, can
be a challenging task. The local method has, however,
the advantage that it allows us to obtain local quantities
of the electromagnetic field, such as its energy density,
from the Green’s functions of the scalar field with Dirich-
let and von Neumann boundary conditions relative to the
problem under investigation, using Eq. (2) [24, 25]. We
will use this formalism for tackling our problem in the
next section. In addition, electric and magnetic field two-
point correlation functions can be also obtained from the
scalar propagator, using [21, 26]
Dµν;λκ(x− x′) = i〈0 | Fµν(x)Fλκ(x′) | 0〉
= dµν;λκG0(x− x′) , (4)
where Fµν is the electromagnetic strength tensor and we
have defined the differential operator
dµν;λκ = ∂µ∂′λgνκ − ∂ν∂′λgµκ + ∂ν∂′κgµλ − ∂µ∂′κgνλ .
(5)
In the next sections we will use Eq. (4), by applying the
operator (5) to the renormalized Green’s function in the
presence of the boundaries.
III. THE ONE-DIMENSIONAL
ELECTROMAGNETIC CASE
In order to consider the electromagnetic field inside
a one-dimensional cavity using the approach outlined in
the previous section, we first consider a one-dimensional
cavity formed by two perfectly reflecting mirrors and a
massless scalar field φ(x, t) at zero temperature. One of
the mirrors is fixed at the position x = 0 while the other is
bounded by a harmonic potential V (q) to its equilibrium
position L0, and has mass M and oscillation frequency
ωosc. We label the position of the movable mirror by q(t),
which is an operator because we are treating the mir-
ror’s motion quantum-mechanically. The effective non-
relativistic Hamiltonian describing our one-dimensional
coupled mirror-field system is H = H0 +Hint, where
H0 = ~ωoscb
†b+ ~
∑
j
ωja
†
jaj (6)
is the unperturbed Hamiltonian. The first and second
term of (6) are, respectively, the mirror and the field
Hamiltonian, with: b and b† annihilation and creation
operators of the mechanical degrees of freedom of the
movable mirror; aj and a
†
j annihilation and creation op-
erators for the mode j of the scalar field. We impose
Dirichlet boundary conditions on the field operator; the
field modes are relative to the equilibrium position L0
of the moving mirror, and thus the possible wave num-
bers are kj = jπ/L0, with j an integer number. The
effective interaction Hamiltonian, describing the mobile
mirror-field interaction and an effective interaction be-
tween different field modes (due to the motion of the
wall), is [14]
Hint = −
∑
jℓ
Cjℓ(b+ b
†)N [(aj + a†j)(aℓ + a†ℓ)] , (7)
where
Cjℓ = (−1)j+ℓ
(
~
2
)3/2
1
L0
√
M
√
ωjωℓ
ωosc
(8)
is the coupling constant and N is the normal ordering
operator, while j and ℓ are integer numbers specifying
the field modes (evaluated for the equilibrium position of
the wall).
From the Hamiltonian (7), using perturbation theory
at the lowest significant order, it is possible to obtain
the dressed ground state |g〉 of the field-mirror system as
done in [20],
|g〉 = |{0p}, 0〉+
∑
jℓ
Djℓ|{1j, 1ℓ}, 1〉 , (9)
where the elements of the states in curly brackets indi-
cate field excitations, while the other element indicates
excitations of the wall’s mechanical degrees of freedom.
We have also defined
Djℓ = (−1)j+ℓ 1
L0
√
~ωjωℓ
8Mωosc
1
(ωosc + ωj + ωℓ)
(10)
In order to obtain local quantities of the field, as outlined
in Sec. II, it is useful to calculate first the renormalized
scalar field propagator on the dressed vacuum state (9),
which is the difference of the Green’s function for the
confined field with Dirichlet boundary conditions and for
4the free field (from now on we explicitly write space and
time components),
GR(x, t;x
′, t′) = 〈g|φBC(x, t)φBC(x′, t′)|g〉
− 〈{0r}|φun(x, t)φun(x′, t′)|{0r}〉 , (11)
where φBC(x, t) satisfies the Dirichlet boundary condi-
tion at the wall’s position and φun(x, t) is the free-field
operator in the unbounded space. We obtain
GR(x, t;x
′, t′) = GR0(x, t;x
′, t′) + ∆GR(x, t;x
′, t′) ,
(12)
with
GR0(x, t;x
′, t′) = 〈{0r}|φBC(x, t)φBC(x′, t′)|{0r}〉 − 〈{0r}|φun(x, t)φun(x′, t′)|{0r}〉
=
(∑
p
~c2
L0ωp
e−iωp(t−t
′) sin(kpx) sin(kpx
′)−
∫
dp
2π
~c2
2ωp
e−iωp(t−t
′)eikp(x−x
′)
)
,
∆GR(x, t;x
′, t′) = 8
∑
jℓ
∑
r
~c2
L0(ωjωr)1/2
DjℓDℓr [cos(ωjt− ωrt′)] [sin(kjx) sin(krx′)] .
(13)
Equation (13) shows that the renormalized field prop-
agator is given by two terms. The first term GR0, at the
zeroth order in the atom-mirror coupling, takes into ac-
count that the field is confined in the cavity and it is the
difference between the fixed-wall propagator and the free
propagator. The second term ∆GR is a correction term
taking into account the effective interaction between the
field and the mobile mirror, and it is related to the quan-
tum fluctuations of the position of the mobile wall.
We can now face the one-dimensional electromagnetic
case. Starting from the scalar Green’s function (12) and
(13), using Eq. (4) by applying the appropriate differen-
tial operators, we can obtain the field fluctuations and en-
ergy densities (they just differ by a multiplicative factor)
associated with the electric and magnetic field compo-
nents along the z and y directions respectively. They are
given by a zeroth-order term (the same obtained for fixed
walls) and a first-order term, coming from the zeroth-
and first-order Green’s functions (13), respectively. The
zeroth-order terms are given by
〈E2z (x)〉0 = lim
(x′,t′)→(x,t)
c−2∂t∂t′〈GR0(x, t;x′, t′)〉
= − ~cπ
24L20
− cπ~
2L20
e
2ipix
L0(
e
2ipix
L0 − 1
)2 , (14)
〈B2y(x)〉0 = lim
(x′,t′)→(x,t)
∂x∂x′〈GR0(x, t;x′, t′)〉
= − ~cπ
24L20
+
~cπ
2L20
e
2ipix
L0(
e
2ipix
L0 − 1
)2 . (15)
Expanding these expressions in the proximity of the
movable wall position (x ≃ L0), we have
〈E2z (x)〉0 ≃
~c
8π(x− L)2 , (16)
〈B2y(x)〉0 ≃ −
~cπ
12L20
− ~c
8π(x− L)2 . (17)
We wish to point out that the average quadratic values
of the fields have the expected divergence at the wall’s
(average) position [8]. Summing up the two terms in
(14) and (15), we obtain the total Casimir energy den-
sity (〈E2z (x)〉0 + 〈B2y(x)〉0)/2 = − ~cπ24L2
0
inside the one-
dimensional cavity with fixed walls.
We can now evaluate the first-order correction to the
electric and magnetic field fluctuations, using the Green’s
function correction ∆GR in Eq. (13). We obtain
〈E2z (x)〉1 = lim
(x′,t′)→(x,t)
c−2∂t∂t′〈∆GR(x, t;x′, t′)〉
=
∑
jℓr
(−1)ℓ+r ~
2
L30Mωosc
ωjωℓωr
(ωosc + ωj + ωℓ)(ωosc + ωj + ωr)
sin(kℓx) sin(krx) ,
(18)
5〈B2y(x)〉1 = lim
(x′,t′)→(x,t)
∂x∂x′〈∆GR(x, t;x′, t′)〉
=
∑
jℓr
(−1)ℓ+r ~
2
L30Mωosc
ωjωℓωr
(ωosc + ωj + ωℓ)(ωosc + ωj + ωr)
cos(kℓx) cos(krx) .
(19)
The corrections (18) and (19) to the electric and mag-
netic energy densities take into account of the effective
field-mirror interaction and of the effects of radiation
pressure, related to the wall’s quantum fluctuations of its
position. Summing up these two corrections, we obtain
the correction to the field energy density in the cavity
1
2
[〈E2z (x)〉1 + 〈B2y(x)〉1] =∑
jℓr
(−1)ℓ+r ~
2
2L30Mωosc
ωjωℓωr
(ωosc + ωℓ + ωj)(ωosc + ωj + ωr)
cos[(kℓ − kr)x] . (20)
This quantity can be evaluated numerically. In Fig. 1
we show the corrections to the electric and magnetic com-
ponents of the electromagnetic energy density, as well as
the correction to the total energy density, in the prox-
imity of the mobile wall, where the effects we are in-
vestigating are more relevant. We have used the typi-
cal value of the mass of a commercial MEMS, which is
M ≃ 10−11 kg [27]. However, much smaller masses in the
range 10−15− 10−21 kg can be obtained nowadays in op-
tomechanical devices [15, 28, 29], and this should allow
us to make even more significant the effect we are con-
sidering, because it scales as 1/M . The energy densities
are plotted for typical values, ωosc = 10
5 kg, L0 = 10µm
of the mirror’s oscillation frequency and cavity length,
respectively, and the cutoff frequency of a typical plasma
frequency of a metal. The figures show that the motion
of the wall significantly affects the field energy density
inside the cavity and that this effect is particularly im-
portant near the moving wall. In addition, this effect
becomes more and more relevant when the mass of the
wall and its oscillation frequency are decreased, consis-
tent with our previous results for the one-dimensional
scalar field [20]. In Fig. 2 we have plotted the correc-
tion to the vacuum field energy density caused by the
wall’s motion for different cutoff frequencies. We observe
that when the cutoff frequency increases, the effect be-
comes more and more relevant and sharply localized in
the vicinity of the wall’s equilibrium position.
The changes to the energy density can be probed ex-
ploiting the Casimir-Polder dispersion interactions with
an electrically or magnetically polarizable body placed
inside the cavity. If this polarizable body has static elec-
tric polarizability αE and static magnetic polarizability
αM , its interaction energy with the electric and magnetic
field fluctuations, under appropriate conditions, can be
written as [4, 30]
δE = −1
2
αE〈E2(xpb)〉 − 1
2
αM 〈B2(xpb)〉 , (21)
where xpb is the position of the polarizable body. Thus
the interaction with the polarizable body permits to mea-
sure both electric and magnetic energy densities.
IV. THE THREE-DIMENSIONAL SCALAR
CASE
We now discuss the case of a scalar field in a three-
dimensional cavity. We consider a three-dimensional
massless scalar field that satisfies Dirichlet boundary con-
ditions φ(0, y, z) = φ(Lx(t), y, z) = 0, inside a three-
dimensional cavity with walls along the axis x, y, z of
length Lx, Ly, Lz, respectively. One of the two walls per-
pendicular to the x axis is free to move and its position is
x = Lx(t), with Lx(t) the time-dependent cavity length
along the x direction. All other boundaries are fixed in
space. The movable wall has mass M and, similarly to
the case discussed in the previous section, it is bounded
by a (harmonic) potential V (q) at its equilibrium posi-
tion.
In order to deal with our three-dimensional problem,
we need to generalize the effective Hamiltonian (6),(7)
used in the previous section to the three-dimensional
case. We start with the situation in which all walls have
fixed positions. In this case, the scalar field is given by
φ(r, t) =
∑
n
√
~c2
ωnSLx
sin (qnxx) e
iqn‖ ·r‖e−iωnt +H.c ,
(22)
where we have used periodic boundary conditions in the
y and z directions, and
ωn = c
√(
nxπ
Lx
)2
+
(2π)2
S
(n2y + n
2
z) ,
qn‖ =
2π√
S
(ny yˆ + nz zˆ), q
n
x =
π
Lx
nx ,
(23)
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FIG. 1: (color online) Plots (a) and (b) show the corrections
to the renormalized electric and magnetic energy density, re-
spectively, as a function of the position inside the cavity. The
total field energy density is shown in plot (c). The numeri-
cal values used for the relevant parameters are: L0 = 10µm,
M = 10−11 kg, ωosc = 10
5s−1, ωcut = 10
15s−1, which are
typical values of a MEMS (microelectromechanical system).
are, respectively, the frequency and the wave vector com-
ponents along the yz plane and the x direction. They
depend on the three integer numbers n = (nx, ny, nz).
We have assumed Ly = Lz and defined S = LyLz; also,
we have defined the component r‖ = (yyˆ + zzˆ) of the
position in the plane yz.
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FIG. 2: (color online) Change of the renormalized electro-
magnetic energy density, compared to the static walls case, in
the very proximity of the moving mirror, for different values
of the cutoff frequency: ωcut = 6× 10
15 s−1 (blue dot-dashed
line), ωcut = 8×10
15 s−1 (red dotted line), ωcut = 9×10
15 s−1
(green dashed line), ωcut = 10
16 s−1 (black continuous line).
The change of the energy density becomes more and more lo-
calized at the wall’s equilibrium position with increasing cut-
off frequency. The numerical values of the other parameters
are L0 = 10µm, M = 10
−11 kg and ωosc = 10
5 s−1.
When the wall perpendicular to the x axis at Lx(t) is
movable, we can write the field in terms of a set of an
instantaneous basis [31, 32],
φ(r, t) =
∑
n
anφn(r, t) + H.c. , (24)
where the mode functions φn(r, t) can be expanded in
terms of a set of modes Q
(n)
k which satisfy the massless
Klein-Gordon equation with the instantaneous boundary
condition at the movable wall’s position,
φn(r, t) =
∑
k
Q
(n)
k (t)
√
1
ωkSLx
sin
(
qkxx
)
eiq
k
‖ ·r‖ (25)
where k = (kx, ky, kz), with kx , ky , kz integer numbers,
and the definitions (23) have been used.
The field inside the cavity interacts with the movable
wall through the radiation pressure. Because the wall is
free to move along the x direction only, we must first ob-
tain the component of the radiation pressure along that
axis. The relevant energy-momentum tensor component
is thus [33]
Θxx =
1
2
[(
∂φ
∂x
)2
+
1
c2
(
∂φ
∂t
)2
−
(
∂φ
∂y
)2
−
(
∂φ
∂z
)2]
,
(26)
which involves both space and time derivatives of the
field operator evaluated at the wall’s position. After cal-
culating this quantity in the reference frame comoving
with the movable wall, and then making a Lorentz trans-
formation to the laboratory frame in the nonrelativistic
limit [11], we obtain that only the term 12
(
∂φ
∂x
)2
con-
tributes to the force due to the radiation pressure, while
7the term involving the time derivative is negligible being
proportional to L˙2x(t).
Therefore, the equations of motion for the field oper-
ator and the wall’s position, in the nonrelativistic limit,
are
φ = 0 ,
mq¨ = −∂V (q)
∂q
+
1
2
(
∂φ
∂x
)2
,
(27)
where −∂V (q)∂q is the force due to the potential binding
the wall to its equilibrium position, and for simplicity the
wall’s position has been denoted by q. Using Eq. (25)
and the orthogonality of the mode functions, it is possible
to show that the equations of motion (27) are equivalent
to the following set of equations
Q¨
(n)
k + ω
2
k(t)Q
(n)
k = 2λ(t)
∑
j
gkjQ˙
(n)
j + λ˙(t)
∑
j
gkjQ
(n)
j + λ
2(t)
∑
j,l
gjkgjlQ
(n)
l ,
mq¨ = −∂V (q)
∂q
+
1
q(t)
∑
kjn
(−1)kx+jxQ(n)k Q(n)j ωkxωjxδky,−jyδkz,−jz ,
(28)
where j = (jx, jy, jz) indicates a set of three integer num-
bers, ωkx = πkx/Lx, ωjx = πjx/Lx, λ = L˙x(t)/Lx(t) and
gkj =
{
(−1)kx+jx 2kxjxj2x−k2x δky,−jyδkz,−jz (kx 6= jx)
0 (kx = jx) .
(29)
Following a procedure analogous to that used in Ref. [14],
we can show that Eqs. (28) can be obtained from a set
of Euler-Lagrange equations relative to an appropriate
Lagrangian. The corresponding Hamiltonian, associated
with equations of motion (28), after a canonical quanti-
zation procedure and renormalization, is
H =
(p+ Γ)
2
2m
+ V (q) + ~
∑
k
ωka
†
kak − ECas , (30)
where Γ is the following operator
Γ =
i~
2q
∑
kj
gkj
(
ωk
ωj
)1/2 [
a†ka
†
j − akaj + a†kaj − a†jak
]
,
(31)
and the quantity ECas is the Casimir energy for the two-
fixed-walls configuration.
Our Hamiltonian (30) is the generalization of the
Hamiltonian obtained by Law in [14] to the three-
dimensional case. It shows a nonlinear character of the
coupling between the field and the movable wall; however,
in many situations the wall is bounded to an equilibrium
position by an external potential, and the effects of the
radiation pressure can be treated as a small perturbation.
We assume this is the case in our system, and thus we
now derive a linearized form of the Hamiltonian (30). We
suppose that the mobile wall is confined near the equi-
librium position L0 by the potential V (q) . When the
displacement of the wall xm = q − L0 is small compared
to L0, we can write
Γ ≈ Γ|q=L0 ≡ Γ0 ,
ak(q) ≈ ak0 + xm
2ωk0
(
∂ωk
∂q
)
q=L0
a†k0 ,
ωk(q) ≈ ωk0 + xm
(
∂ωk
∂q
)
q=L0
(32)
where ak0 and ωk0 are, respectively, the annihilation
operator and the frequency associated with the equilib-
rium position L0. We now substitute Eqs. (32) into
the Hamiltonian (30) and make a unitary transformation
H ′ = T †HT , where the transformation operator is given
by
T = exp{ixmΓ0/~} . (33)
We also assume that V (q) is a harmonic potential with
frequency ωosc. After lengthy algebraic calculations, we
can write our Hamiltonian in the form H = H0 +Hint,
where
H0 = ~ωoscb
†b+ ~
∑
k
ωk0a
†
k0ak0 (34)
is an unperturbed Hamiltonian where b and b† are the
annihilation and creation operators of the movable wall,
respectively; the effective Hamiltonian Hint describing
the interaction between the three-dimensional massless
scalar field and the movable wall is
Hint =
∑
k,j
Ckj
{
(b+ b†)N [(ak0 + a†k0)(aj0 + a†j0)]
}
,
(35)
where
Ckj =
~
2
√
~
2Mωosc
[
∂ωk0
∂q
∣∣∣∣∣
L0
δk,j − gk,j
L0
(
ωk0
ωj0
)1/2
ωk0
]
.
(36)
8The quantity Ckj given in (36) is the new coupling
constant for the wall-field interaction in the three-
dimensional case, which can be compared with the analo-
gous one-dimensional coupling constant of Sec. III, given
by Eq. (8) .
From our effective Hamiltonian (35), using first-
order perturbation theory we can obtain the interacting
(dressed) ground state of the field-mirror system, having
virtual excitations of both field and mirror (we are using,
for the states, the same notations as in Sec. III),
|g〉 = |{0p}, 0〉+
∑
kj
Dkj|{1k, 1j}, 1〉 , (37)
where we have defined
Dkj =
Ckj
~(ωosc + ωk + ωj)
. (38)
We can now evaluate the average number of excitations
of the three-dimensional cavity in the field mode speci-
fied by the integers m = (mx, my, mz), in the dressed
ground state (37), due to the quantum fluctuations of the
movable wall’s position. It results in
〈g|Nm|g〉 ≡ 〈g|N(mx,my,mz)|g〉 =
π4~c4
2ML60
m4x
ωosc(ωm)2(ωosc + 2ωm)2
+
~
2ML20
∑
m′x 6=mx
(mxm
′
x)
2
((m′x)
2 −m2x)2
(ω2m − ω2(m′x,my,mz))
2
ωoscωmω(m′x,my,mz)(ωosc + ωm + ω(m′x,my,mz))
2
,
(39)
where we have used Eq. (23).
This is the photon spectrum due to the motion of the
mirror. The field excitations originate from the vacuum
state as a consequence of the mirror-field interaction.
The one-dimensional case can be recovered from our
result (39) by setting my = mz = 0 and obtaining
〈g|N(mx,0,0)|g〉
=
~c4
2ML20ωosc
∑
m′x
ω(mx,0,0)ω(m′x,0,0)
(ωosc + ω(mx,0,0) + ω(m′x,0,0))
2
,
(40)
which coincides with the result already obtained in [20]
for the one-dimensional scalar case.
Equation (39) shows that, similarly to the one-
dimensional case [20], the number of virtual quanta inside
the cavity decreases with increasing oscillation frequency
ωosc and mass M of the mobile wall. From a physical
point of view, this is due to the fact that when the mir-
ror oscillation frequency increases, its action in mediating
the effective wall-field interaction is weaker. An anal-
ogous consideration holds for the dependence from the
mirror’s mass.
In order to obtain local field quantities for the three-
dimensional scalar field, which, as mentioned in the Intro-
duction, are also useful to evaluate analogous quantities
for the three-dimensional electromagnetic field, we first
calculate the renormalized field propagator. The renor-
malized propagator is the difference between two different
Green’s functions. The first function is the propagator
of the field with Dirichlet boundary conditions on the
dressed vacuum state |g〉 given by (37), while the second
one is the free-field propagator,
GR(x, t;x
′, t′) = 〈g|φBC(x, t)φBC(x′, t′)|g〉 − 〈{0r}|φun(x, t)φun(x′, t′)|{0r}〉 = GR0(x, t;x′, t′) + ∆GR(x, t;x′, t′) ,
(41)
where (x, t) is the space-time coordinate, and subscripts
BC and un indicate quantities in the presence of bound-
ary conditions and in the unbounded space, respectively.
The renormalized Green’s function of the system is
GR(x, t;x
′, t′) = GR0(x, t;x
′, t′) + ∆GR(x, t;x
′, t′) ,
(42)
where GR0(x, t;x
′, t′) is a zeroth-order term in the ef-
fective field-wall interaction, giving the renormalized
propagator (meaning that the unbounded-field propaga-
tor has been subtracted) for a fixed-walls cavity, and
∆GR(x, t;x
′, t′) is a first-order correction due to the mo-
tion of the mobile wall. An explicit calculation of these
two terms yields
9GR0(x, t;x
′, t′) = 〈{0r}|φBC(x, t)φBC(x′, t′)|{0r}〉 − 〈{0r}|φun(x, t)φun(x′, t′)|{0r}〉
=
[∑
m
(
~c2
ωmSL0
)
sin
(
mxπ
L0
x
)
sin
(
mxπ
L0
x′
)
eik
m
‖ ·(r‖−r
′
‖)e−iωm(t−t
′) −
∫
dp
(2π)3
~c2
2ωp
e−iωp(t−t
′)eikp·(x−x
′)
]
,
∆GR(x, t;x
′, t′) =
∑
mj
∑
r
4DmjDjr [um(x, t)u
∗
r(x
′, t′) + u∗m(x, t)ur(x
′, t′)] ,
(43)
where we have defined
um(x, t) ≡ um(x, r‖, t) =
√
~c2
ωmSL0
sin
(
mxπ
L0
x
)
eik
m
‖ ·r‖e−iωmt . (44)
The zeroth-order term takes into account the fact that
the field is confined, while the correction term also takes
into account the field-wall interaction and the wall’s
quantum position fluctuations.
From the expressions obtained above for the scalar
propagator, we can now obtain the energy density of the
scalar field in the cavity by applying the appropriate dif-
ferential operators according to Eq. (2),
〈ρ〉 = 1
2
lim
(x′,t′)→(x,t)
(
c−2∂t∂t′ +∇x · ∇x′
)
GR(x, t;x
′, t′)
=
1
2
lim
(x′,t′)→(x,t)
(
c−2∂t∂t′ +∇x · ∇x′
)
[GR0 +∆GR]
= 〈ρ0〉+ 〈∆ρ〉 .
(45)
Therefore, the field energy density can also be writ-
ten as a zero-order term 〈ρ0〉 plus a first-order correction
〈∆ρ〉 related to the quantum fluctuations of the wall’s
position and radiation pressure, respectively, given by
〈ρ0(x)〉 = 1
2
lim
(x′,t′)→(x,t)
(
c−2∂t∂t′ +∇x · ∇x′
)
GR0(x, t;x
′, t′) = − π
2
~c
1440L40
−
∑
p
~
SL0
cos
(
2pxπ
L0
x
)
c2(p2x + 2p
2
‖)
2ωp
e−ηωp ,
〈∆ρ(x)〉 = 1
2
lim
(x′,t′)→(x,t)
(
c−2∂t∂t′ +∇x · ∇x′
)
∆GR(x, t;x
′, t′)
=
1
2
[∑
mjr
8DmjDjr
~c2
SL0
[(√
ωrωm
c2
+
4π2
S
mzrz +myry√
ωrωm
)
sin
(
mxπ
L0
x
)
sin
(
rxπ
L0
x
)
+
mxrx√
ωrωm
(
π
L0
)2
cos
(
mxπ
L0
x
)
cos
(
rxπ
L0
x
)]
cos[(km‖ − kr‖) · r‖]
]
,
(46)
where η−1 is an ultraviolet cutoff parameter related to
the plasma frequency of the cavity walls. We note that
in Eq. (46), because of the relations (36) and (38), we
obtain km‖ = k
r
‖ and thus the correction to the energy
density does not depend on r‖.
The zero-order term contains the well-known Casimir
energy density − π2~c
1440L4
0
for a three-dimensional scalar
field with Dirichlet boundary conditions (see [9, 26, 34],
for example), and a term dependent on the position in-
side the cavity that, in the limit of perfectly conduct-
ing walls (infinite cutoff frequency, that is η → 0, or
ωc → ∞) diverges in the proximity of the wall’s posi-
tions. This divergence is related to the presence of a
sharp ideal boundary condition, in agreement with the
results in Refs. [9, 26, 34], and in Ref. [8] for a sin-
gle wall. By integration over x, the two contributions
in 〈ρ0〉 yield the three-dimensional scalar field Casimir
energy E0 = − π2~c1440L3
0
between two fixed walls.
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FIG. 3: (color online) Correction to the scalar energy density
of the field inside the three-dimensional cavity with respect
to the fixed-wall configuration. The numerical values of the
parameters used are: L0 = 10µm, Ly = Lz = 0.5 × 10
−4 m,
M = 10−11 kg, ωosc = 10
5 s−1 e ωcut = 10
15 s−1.
The correction 〈∆ρ〉 obtained in Eq. (46) gives the
change we are looking for of the field energy density due
to the wall’s movement. It can be evaluated numerically
and it is plotted in Fig. 3 with parameters such that
Ly = Lz ≫ L0. Our results show that, in the three-
dimensional scalar case as well, the energy density in a
cavity with a movable wall differs from that of a fixed wall
configuration. The change of the renormalized field en-
ergy density and of the renormalized field fluctuations is
particularly significant in the very proximity of the mov-
able wall. This new effect can be experimentally probed
using the Casimir-Polder interaction with a polarizable
body placed inside the cavity, analogously to the electro-
magnetic one-dimensional case discussed in the previous
section. This effect is more relevant for decreasing mass
and oscillation frequency of the mobile wall. Because in
actual optomechanical experiments it is possible to ob-
tain extremely small masses, of the order of 10−21 kg, cor-
rections to Casimir-Polder potentials of some few percent
seem realistic if the polarizable body is placed very close
to the movable wall. These effects should be currently
measurable since nowadays Casimir interactions can be
measured with high precision [5, 35].
Our case of a three-dimensional scalar field has some
qualitatively significant difference compared to the scalar
one-dimensional case discussed in [20]. In fact, contrary
to the one-dimensional case, where the maximum change
of the energy density is at the wall’s equilibrium posi-
tion, in the present three-dimensional case the peak is
shifted with respect to the equilibrium position of the
wall, as Fig. 3 clearly shows. The distance of the peak
from the equilibrium position is strongly related to the
cutoff frequency of the cavity walls. A numerical eval-
uation carried out for different values of the cutoff fre-
quency shows that when increasing the cutoff frequency,
the peak approaches more and more the wall’s equilib-
rium position. Finally, we wish to mention that our re-
sults for the three-dimensional massless scalar field can
be the basis for obtaining the field energy densities for
the three-dimensional electromagnetic field too, both for
transverse electric and magnetic modes, using the rela-
tions outlined in Sec. II.
V. CONCLUSIONS
We have considered the interaction between a mov-
ing conducting wall, whose mechanical degrees of free-
dom are treated quantum mechanically, and a field. We
have considered the cases of the electromagnetic field in
a one-dimensional cavity and a massless scalar field in
a three-dimensional cavity, generalizing previous results
obtained for the simpler case of a one-dimensional scalar
field. The movement of the wall, which we have assumed
bound to its equilibrium position by a harmonic poten-
tial, yields an effective wall-field interaction and an ef-
fective interaction between the field modes, mediated by
the mobile wall. For the one-dimensional electromagnetic
case, using the Green’s function formalism, we have been
able to obtain the electric and magnetic energy densities,
exploiting previous results obtained for the scalar one-
dimensional case using the Law’s effective Hamiltonian.
For the three-dimensional scalar case, we have first gen-
eralized the Law’s Hamiltonian, originally obtained only
for the one-dimensional case, to our three-dimensional
case with Dirichlet boundary conditions, and then ob-
tained the renormalized Green’s function in the inter-
acting ground state. For both cases, we have evaluated
the corrections to the field energy densities inside the
cavity in the dressed ground state, and found that they
are particularly significant in the vicinity of the mov-
able wall. We have also found that these effects become
more relevant with decreasing mass and oscillation fre-
quency of the movable wall around its equilibrium posi-
tion. We have also discussed measurability of these ef-
fects, exploiting Casimir-Polder interactions with a polar-
izable body placed inside the cavity, and shown that they
should be observable by the optomechanical techniques
available nowadays. Finally, we point out that our re-
sults for the three-dimensional scalar case could also be
the basis for obtaining the renormalized electromagnetic
energy densities for the transverse electric modes in a
three-dimensional cavity with a mobile wall; obtaining
the transverse magnetic modes would require solving an
analogous scalar problem with von Neumann boundary
conditions. We shall discuss these points in a subsequent
paper.
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